The study presents the results of theoretical investigations into lateral torsional buckling (LTB) of bi-symmetric I-beams, elastically restrained against warping at supports. Beam loading schemes commonly used in practice are taken into account. The whole range of stiffness of the support joints, from free warping to warping fully restrained, is considered. To determine the critical moment, the energy method is used. The function of the beam twist angle is described with power polynomials that have simple physical interpretation. Computer programs written in symbolic language for numerical analysis are developed. General approximation formulas are devised.
INTRODUCTION
Presently used methods of steel member design tend to account for a number of parameters that improve the way how real boundary conditions of structural members are represented in the engineering computational model. The effect of the support elastic restraint against warping on the critical moment is one of relevant parameters.
The literature on LTB, which is vast, deals with many aspects of this phenomenon. For instance, the formulas necessary to determine the elastic critical moment of beams with fork support are given, among others, in studies [1, 3, 4, 16] . The formulas account for effect produced by the height, at which one type of the transverse load is applied, with respect to the section shear centre. Bijak in study [1] provided the critical moment formula, in which a few different load types and varied ordinates of load application over the beam section height were taken into consideration.
In addition to classic solutions for fork support, some studies, including [5, 7, 8, 10, 11, 12] , analyse the effect of the stiffness of the elastic restraint against warping at the site of the beam support. In those studies, it was theoretically demonstrated and experimentally verified that increase in the stiffness of the support sections preventing warping causes an increase in the critical moment of the beam. Different rib configurations intended to constrain warping in support sections were presented, e.g. in [6, 12] .
The present study deals with LTB of bi-symmetric I-beams, elastically restrained against warping at supports. The energy method is used to determine the critical moments [16] . The function of the twist angle is approximated by power polynomials. The computational program and approximation formulas for the estimation of the elastic critical moment are developed. Computations are performed for basic, most frequently found loading schemes. Detailed calculations are performed for beams stiffened with end-plates. The results obtained are compared with FEM values (LTBeam [4] and Abaqus software).
CRITICAL MOMENT OF THE BEAM STIFFENED WITH END-PLATES
In study [10] , Lindner presented Eq. (2.1) for the elastic critical moment of the beam simply supported against bending, which accounted for the stiffening against warping by using the endplates ( Fig. 1): where: ζ -coefficient dependent on the bending moment distribution [2] , zg -ordinate of the site, at which load is applied, over the section height, β0 -coefficient of the torsional buckling length, acc. Eq. 
DEGREE OF ELASTIC RESTRAINT AGAINST WARPING
The degree of elastic restraint against warping can be described with coefficient ε [8, 12] according to Eq. (3.1):
where: αw -stiffness of the elastic restraint [8, 12] , acc. Eq. (3.2):
where: B -bimoment at the site of the beam support; dφ/dx -warping in the support section.
Elastic restraint coefficient ε acc. Eq. (3.1) ranges from ε = 0, for the end free to warp, to ε = ∞, for warping fully restrained.
Formulas for the estimation of the stiffness of the elastic restraint (αw), depending on how the beam is stiffened at its support, can be found, among others, in [6, 12] . The stiffening types that are most often analysed are presented in Table 1 . It should be noted that for the sake of comparison, No. 1 was used to mark the beam end without any stiffening. In the present study, the dimensionless fixity factor κ was derived, acc. Eq. (3.3):
which ranges from κ = 0, for the end free to warp, to κ = 1, for warping fully restrained.
Known dependences between the coefficient ε and factor κ, are given by Eq. (3.4) [15] :
FUNCTION OF THE BEAM TWIST ANGLE
In the majority of studies available in literature, e.g. in [1, 16] , trigonometric series were employed to approximate the function of the beam twist angle. Compared with FEM (LTBeam) [4] , for symmetric or slightly asymmetric loads (with respect to the beam transverse axis) good results were obtained, e.g. [1] , already when the first term of the sine series was used.
Another approach was proposed in study [13] , where power polynomials were successfully applied to the approximation of the function of the beam twist angle.
In Poland, the idea of using polynomials in the stability analysis of thin-walled members was promoted by Jakubowski's studies, e.g. [9] . Also, power polynomials were used to determine buckling state of thin-walled bars with open section subjected to warping torsion [14] .
In the present paper, the function of the beam twist angle is approximated with the series:
where: ai -free parameters of the twist angle function; κ -fixity factor acc. to Eq. (3.3); WPi -polynomials describing the "deflection" function of the simply supported beam; WUi -polynomials describing the "deflection" function of the restrained beam.
The power polynomials (WPi, WUi) and their physical interpretation are presented in Table 2 (where 
Polynomials, adopted for the twist angle function satisfy the boundary conditions, respectively free warping WPi (φ = 0, φ" = 0 for x = 0 and x = L) and warping fully restrained WUi (φ = 0, φ' = 0 for
The twist angle function applied, Eq. (4.1), together with polynomials (WPi and WUi) listed in Table   2 make it possible to model elastic restraint against warping for an arbitrary value of the fixity factor in the range: 0 < κ < 1.
DETERMINATION OF THE CRITICAL MOMENT WITH USING THE ENERGY METHOD
The energy method [16] is used herein to determine the elastic critical moment of simply supported, bi-symmetric I-beam, where the elastic restrain against warping at the support is taken into account.
The critical value of the load is determined from Eq. (5.1):
where: ∆Us,1 -elastic energy of the beam bending and torsion; ∆Us,2 -energy of the elastic restraint against warping at the support sections; ∆T -the work done by external forces. The work done by external forces is a function of the loading scheme and the coordinate of the point, at which load is applied. For instance, for the beam that is simply supported (in the xz plane) (Fig. 2) , and under uniformly distributed load, at arbitrary coordinate of the load application point (zg) over the section height, the work done by external forces can be written as Eq. (5.4): Mathematica® software package. The program makes it possible to determine critical moments for arbitrary geometric parameters of bi-symmetric I-sections, the loading schemes presented in Tables   3, 4 and 5, an arbitrary value of the coordinate (zg) (Fig. 2 ) of the point, at which transverse load is applied (Table 4) , and for an arbitrary value of the fixity factor N, Eq. (3.3).
Exemplary specific cases, computed with MLTB,EL program, are presented in Chapter 8.
APPROXIMATION FORMULAS
In study [13] , on the basis of symbolic calculations, simple approximation formulas were derived for the critical moment of bi-symmetric I-beams with fork support (i.e., having free warping conditions at supports). To do that, only the first term in the twist angle function Eq. Like in [13] , in the present study, the program McrLT_elastic_fix.on.warp._sym.cal.nb is developed, using Mathematica® software package, to perform symbolic calculations. The twist angle function is approximated, as previously, employing only the first term of the series Eq. (4.1) with use of polynomials: WP1 and WU1 (Table 2) . That makes it possible to derive relatively simple approximation formulas Eq. (6.1), (6.2), and (6.3) for critical moments of beams with bi-symmetric I sections, elastically restrained against warping.
For the load applied to the section shear centre, and for the loading schemes presented in Table 3 , it is obtained:
where: A1, A2, A3 -coefficients (Table 3) . When arbitrary ordinate of the load application with respect to the shear centre of the beam section is taken into consideration, the critical moment formula is as follows Eq. (6.2):
where: B1, B2, B3, B4 -coefficients (Table 4) ; zg -ordinate of the load application. For the beam loaded by moments concentrated at supports (Table 5) , the formula for the critical moment takes the form given by Eq. (6.3):
where: ψ -ratio of concentrated support moments (from 0 to 1); C1, C2, C3, C4 -coefficients (Table 5 ). 
When no stiffening against beam warping is found at the support (κ = 0), formulas in Eq. (6.1), (6.2), (6.3) are reduced to those presented in study [13] . 
FEM VERIFICATION USING LTBEAM AND ABAQUS

COMPUTATIONAL EXAMPLES
The analysis is applied to the beam section IPE500 (Iz = 2140cm 4 , Iω = 1249000cm 6 , It = 91.9cm 4 , E = 210GPa, G = 81GPa) , having the span of L = 8 m. Table 6 The results in Table 6 show that elastic critical moments, estimated with Eq. when it is implemented in a spreadsheet. The results in Table 7 show that the elastic critical moments, estimated using Eq. Critical moments (Tables 6 and 7 
STRESZCZENIE:
Współcześnie stosowane metody projektowania elementów stalowych zmierzają do uwzględnienia szeregu parametrów poprawiających sposób odwzorowania rzeczywistych warunków pracy konstrukcji w inżynierskim modelu obliczeniowym. Jednym z istotnych parametrów jest wpływ sprężystego zamocowania przeciw spaczeniu przekrojów podporowych na moment krytyczny zwichrzenia belek.
W pracy przedstawiono wyniki badań teoretycznych zwichrzenia bisymetrycznych belek dwuteowych sprężyście zamocowanych przeciw spaczeniu na podporach. Uwzględniono często występujące w praktyce schematy obciążenia.
Stopień sprężystego zamocowania przeciw spaczeniu opisano współczynnikiem ε wg wzoru (3.1) [8, 12] uwzględniają-cym sztywność sprężystego zamocowania αw wg wzoru (3.2) [8, 12] . Współczynnik sprężystego zamocowania zmienia się od ε = 0 dla zupełnej swobody spaczenia, do ε = ∞ dla pełnej blokady spaczenia. W pracy wprowadzono dodatkowo bezwymiarowy wskaźnik utwierdzenia κ wg wzoru (3. Z porównania momentów krytycznych wyznaczonych programem MLTB,SPR, zawierającym trzy wyrazy szeregu (4.1), wynikła bardzo dobra zgodność wyników w stosunku do MES (LTBeam), różnice nie przekroczyły +0,5% (tab. 6, 7).
Momenty krytyczne oszacowane za pomocą wzorów (6.2) i (6.3) dały również wystarczające przybliżenie inżynierskie w stosunku do wartości uzyskanych z programu LTBeam (tab. 6, 7; kol. 8).
